Homework 6



Probleml

Perform insertions of the numbers 1, 3, 4, 7, 6, 5, 2 (in this order)
into an empty AVL tree. Show each AVL tree after a number has
been inserted.

If re-balancing operations are performed, please also show the tree
before re-balancing and indicate what type of rotation is used in the

re-balancing.
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Problem?2

(6.32) Prove that the sum of the heights of all nodes in a complete
binary tree with n nodes is at most n - 1.

(A complete binary tree with n nodes is one that can be compactly
represented by an array A of size n, where the root is stored in A[1]
and the left and the right children of A[i], 1 < i< |%] , are stored
respectively in A[2i] and A[2i + 1].

Notice that, in Manber' s book a complete binary tree is referred to
as a balanced binary tree and a full binary tree as a complete binary
tree. Manber’ s definitions seem to be less frequently used.

Do not let the different names confuse you. “Balanced binary tree”
in the original problem description is the same as “complete binary
tree” )
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Problem?2
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e For a full binary tree (complete binary trees HI—1&4%5%4l),
node(n) ElE = 2! -1
G(h)=2! — h—2= (201 — 1) — h—1
=02M —1)—(h+1)=n—(h+1)<n—-1
(proven in homework 2)

e With this as a basis, we prove the general case of complete
binary trees by induction on the height h (> 0) of the tree.
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Problem?2

@ [Base Case|(h=0, n=1): G(h)=0 < 1-1
@ [Inductive step]
[Induction Hypothesis| The height of sum of complete binary is
G(h)<n-1
There will be four cases on complete binary tree
» [Casel]Full binary tree(we have proven this case before)
» [Case2]Full left subtree and complete right subtree(both

height=h)

» [Case3|Both Left and right subtree are full (hy = h and hg =
h-1)

» [Cased]|Full right subtree and complete left subtree(h; = h and
hg = h-1)
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Problem?2

[Case2]Full left subtree and complete right subtree(both height=h)
Gc(h+1)=G(h.)+Gc(hg)+(h+1)

=[n-(h+1)]+Gc(hr)+(h+1)

<[ne-(h+1)]+[ng-1]+(h+1)

=n.+ngr-1

=(n+ng+1)-2

=n-2<n-1
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Problem?2

[Case3|Both Left and right subtree are full (h, = h and hg = h-1)
Gc(h+1)=G(h.)+G(hg)+(h+1)

=G(h)+G(h-1)+(h+1)

=[n-(h+1)]+[nr-(h-14+1)]+(h+1)

=(n.+ng+1)-h-1

=n-(h+1)<n-1
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Problem?2

[Cased]|Full right subtree and complete left subtree(h, = h and hg =
h-1)

Gc(h+1)=Gc(h.)+G(hg)+(h-+1)
=Gc(h1)+G(h-1)+(h+1)
= G.(h)+[nr-(h-141)]4(h+1)
<[ni-1]+[nr-(h-14+1)]+(h+1)
=n;-1+ng+1
=(n+ng+1)-1

=n-1<n-1 A
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Problem3
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Problem3
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Problem3
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Problem3
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Problem3
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Problem3
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Problem4

Design an algorithm that, given a set of integers

S={x1,%2, -+, X}, finds a nonempty subset R C S, such that
ZX;E 0 (mod n).
xXi€ER

Before presenting your algorithm, please argue why such a nonempty
subset must exist.
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Problem4(cont’d)
Define

5um1 = X1
Sumy = x1 + xo

Sum3 = X1+ Xo + X3

Sum,=x; +x0+ X3+ + X,

If there exists an Sum; = 0 (mod n) then done. If no, there must be
at least two of them have the same remainder because there are n
items, n — 1 kinds of remainders(from 1 to n — 1), by pigeonhole
principle. Suppose Sum; and Sum; (i < j) have the same remainder,
then {xi11, Xit2, -+, X} is what we want since we remove the
elements from {x;, X2, - -+ , x;} ,which cause the remainder.

{Xit1, Xiy2, - -+, X;} cannot be empty because i # j.
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Problem4(cont’d)

function FIND SUBSET(S, n)

R, :=x; mod n > R represents the remainder of Sum
for i from 1 to n— 1 do
R;:= (Ri—1 + x;) mod n > Compute Sum; mod n
if R, == 0 then
print {xi, X2, - -+ , x;}
return
i, j := Findldentical(R) > Get index of two items with the same
remainder
print {Xi1, Xiy2, -+, X}
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Problemb

Consider the next table as in the KMP algorithm for string B[1..9] =
abaababaa.

213|4|5|6|718
alblalalblalb|ala
1{0(0(1]112(13]2]3

Suppose that, during an execution of the KMP algorithm, B[6]
(which is an a) is being compared with a letter in A, say A[i], which
is not an a and so the matching fails. The algorithm will next try to
compare Blnext[6] + 1], i.e., B[3] which is also an a, with A[]. The
matching is bound to fail for the same reason. This comparison could
have been avoided, as we know from B itself that B[6] equals B[3]
and, if B[6] does not match A[i], then B[3] certainly will not, either.
B[5], B[8], and BJ9] all have the same problem, but B[7] does not.
Please adapt the computation of the next table so that such wasted
comparisons can be avoided.
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Problem5(cont’d)

function NEW NEXT(B, m, next)
for i from 3 to m do
if B[next[i] + 1] == BJ[i] then
nextli] := next|next|i] + 1]
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