Homework 7



Probleml

You are asked to design a schedule for a round-robin tennis
tournament.

There are n = 2k (k > 1) players. Each player must play every other
player, and each player must paly one match per round for n—1
rounds.

Denote the players by Py, Ps, ..., P,. Output the schedule for each
player.

(Hint: use divide and conquer in the following way. First, divide the
players into two equal groups and let them play within the groups
for the first 7 — 1 rounds. Then, design the games between the
groups for the other frounds.)
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Probleml

1 Algorithm RoundRobin(First, Last, Round)
2 Input: First(First Player Num), Last(Last Player Num), Round(Total round to schedule)
8 Output: result(the result schedule, n*(n-1) matrix)
4
5 begin
6 if Last = First4-1 then
7 result[First][Round] = Last;
8 result[Last][Round] = First;
9 else
10 Middle := (First+Last-1) / 2;
11 //Divide
12 RoundRobin(First, Middle, (Round+1)/ 2- 1);
13 RoundRobin(Middle+1, Last, (Round-+1)/ 2- 1);
14
15 //Conquer(between the groups)
16 for round_num := (Round+1) / 2 to Round
17 for offset := 0 to (Middle-First)
18 Group_size = (Round+1) /2;
19 playl = First + offset;
20 play2 = (Middle+1) + [(round_num + offset)% Group_size];
21 result[playl][round_num] = play2;
22 result[play2][round_num] = playl;
v

o IEELL k=3 BHI
»n=2k=8 round =n-1=7
» Input: RoundRobin(1, 8, 7)
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Probleml

1 Algorithm RoundRobin(First, Last, Round)
2 Input: First(First Player Num), Last(Last Player Num), Round(Total round to schedule)
3 Output: result(the result schedule, n*(n-1) matrix)
4
5 begin
6 if Last = First+1 then
7 result[First][Round] = Last;
8 result[Last][Round] = First;
9 else
10 Middle := (First+Last-1) / 2;
11 //Divide
12 RoundRobin(First, Middle, (Round+1)/ 2- 1);
13 RoundRobin(Middle+1, Last, (Round+1)/ 2- 1);
14
15 //Conquer(between the groups)
16 for round_num := (Round+1) / 2 to Round
17 for offset := 0 to (Middle-First)
18 Group_size = (Round+1) /2;
19 playl = First + offset;
20 play2 = (Middle+1) + [(round_num + offset)% Group_size];
21 result[playl][round_num] = play2;
22 result[play2][round_num] = playl;
v

o EXA 2 {E players HIFE

| [Rd_1 |
P, 2
Ps 1
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Probleml

5 begin
6 if Last = First41 then
7 result[First][Round] = Last;
8 result[Last][Round] = First;
9 else
10 Middle := (First+Last-1) / 2;
11 //Divide, (Round+1) BN AE, E% divide FIUABIIRY¥, AEHE -1 2 divide ##) Round &
12 RoundRobin(First, Middle, (Round+1)/ 2- 1);
13 RoundRobin(Middle+1, Last, (Round+1)/ 2- 1);
14
15 //Conquer(between the groups)
16 for round_num := (Round+1) / 2 to Round
17 for offset := 0 to (Middle-First)
18 Group_size = (Round+1) /2;
19 playl = First + offset;
20 play2 = (Middle+1) + [(round_num + offset)% Group_size];
21 result[playl][round_num] = play2;
22 result[play2][round_num] = playl;
v

o iBi8 2 f& players HFRHE - E#E1T divide BIENTE
> Middle = (1+8-1) / 2 = 4
» RoundRobin(First, Middle, (Round+1)/ 2- 1)
is RoundRobin(1, 4, (74+1)/2-1)=RoundRobin(1, 4, 3)
» RoundRobin(Middle+1, Last, (Round+1)/ 2- 1)
is RoundRobin(5, 8, 3)
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9

10
11
12
13

else

Middle := (First+Last-1) / 2;

//Divide

RoundRobin(First, Middle, (Round+1)/ 2- 1);
RoundRobin(Middle+1, Last, (Round+1)/ 2- 1);

e RoundRobin(1, 4, 3)

(
@ RoundRobin(5, 8, 3)
|

| |1 2 3 | 4 5 6 |7 |
P, 2 3 5 6 7 8
P, A 4 3 6 7 8 5
P, |\ 1 2 7 8 5 6
P, N2 y 8 5 6 7
Ps 6~ |7 8\ | 1 4 3 2
Ps |5 8 7 2 1 4 3
P, |\ 5 6 3 2 1 4
P 76 4 3 2 1
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Probleml

9 else
10 Middle := (First+Last-1) / 2;
11 //Divide
12 RoundRobin(First, Middle, (Round+1)/ 2- 1);
13 RoundRobin(Middle+1, Last, (Round+1)/ 2- 1);
14
15 //Conquer(between the groups)
16 for round_num := (Round+1) / 2 to Round
17 for offset := 0 to (Middle-First)
18 Group_size = (Round+1) /2;
19 playl = First + offset;
20 play2 = (Middle+1) + [(round_num + offset)% Group_size];
21 result[playl][round_num] = play2;
22 result[play2][round_num] = playl;
v

o &% Lt divide IEEEIETE - BF|&K EE conquer ER7
» round_num := [(Round+1) / 2] to Round
is round_num = [(741)/2]to 7 =4to 7
» offset := 0 to (Middle-First)
is offset := 0 to (4-1) =0to 3
» Group_size = (Round+1) /2
is Group_size = (7+1) /2 =4
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Probleml

16 for round_num := (Round+1) / 2 to Round

17 for offset := 0 to (Middle-First)

18 Group_size = (Round+1) /2;

19 playl = First + offset;

20 play2 = (Middle+1) + [(round_num + offset)% Group_size];
21 result[playl][round_num] = play2;

22 result[play2][round_num] = playl;

@ round_num = 4 to 7 ~ offset= 0 to 3 * Group_size = 4

| [t 12 [3 J4 |5 6 |7 |
P, 2 3 4 5 46 |7 8
P, 1 4 3 6/ |7 8 5\
P; 4 1 2 7 8 5 6
P, 3 2 1 5 6 7
P; 6 7 8 4 3 2
Ps 5 8 7 2\ |1 4 3/
P, |8 5 6 3 N2 14
Ps 7 6 5 4 32 |1
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Probleml

19 playl = First + offset;

20 play2 = (Middle+1) + [(round_num + offset)% Group_size];
21 result[playl][round_num] = play2;

22 result[play2][round_num] = playl;

@ round_num = 4 to 7 ~ offset = 0 to 3 * Group_size = 4

r_num=4 r_num=4

offset=0 offset=1 ‘ 4 ‘ 5 ‘ 6 ‘ / ‘
g_size=4 g_size=4 5 6 7 8
playl=1+0=1 playl=1+1=2 (6 ) 7 8 5
play2=(4+1)+ | play2=@a+1)+ || 7 8 5 6
(4+0)%4=5 (4+1)%4=6 8 5 6 7
lll_num] | dfptli_nem)  [[(L) [ 4 3 2
=r[1][4]=5 =r[2][4]=6 ) 1 4 3
r[p2][r_num] r[p2][r_num] 3 2 1 4
=r[5][4]=1 =r[6][4]=2 4 3 2 1

J¥P1Ps 3T * /| /*PyPg ¥I3T */
T




Probleml

Final Output: n*(n-1) matrix

| L 2 13 |4 5 6 |7 |
P._ |2 [3 |4 |5 |6 |7 |8
P, |1 |4 |3 |6 |7 |8 |5
P, |4 |1 |2 |7 |8 |5 |6
P, |3 |2 |t |8 [5 |6 |7
P, |6 |7 |8 |1 |4 [3 |2
P, |5 |8 |7 |2 |1 |4 |3
P. |8 |5 |6 |3 |2 1 |4
P« |7 |6 |5 |4 |3 |2 i
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Problem?2

Consider the problem of finding balance factors in binary trees
discussed in class (see slides for “Design by Induction” ).

Solve this problem using DFS. You need only to define preWORK
and postWORK.

A 55151/



Problem?2

1 preWork:

2 v.height := 0;

3 v.balance_factor := 0;

4 v.left_height := 0;

b) v.right_height := 0;

6 postWork [:

7 v.height := MAX(v.height, w.height+1);

8 if w = v.leftchild then

9 v.left_height := w.height + 1;

10 else if w:= v.rightchild then

11 v.right_height := w.height + 1;

12 postWork [/I:/*After left and right child are traversed*/

13 v.balance_factor := v.left_height - v.right_height;
o

0 0/0
0/0
0/0

¢ 0/0
S ——



Problem?2

preWork:
v.height := 0;
v.balance_factor := 0;
v.left_height := 0;
v.right_height := 0;

SO A WN R

0 0/0
0/0
0/0

¢ 0/0

o 1T DFS traverse, 0/0= height / balance factor
o preWORK: —1& node v # traverse Z\I ZZECAIIAIEEN1E

A 5955/



Problem?2

6 postWork [

7 v.height := MAX(v.height, w.height+1);

8 if w = v.leftchild then

9 v.left_height := w.height + 1;

10 else if w:= v.rightchild then

11 v.right_height := w.height + 1;

12 postWork /I:/*After left and right child are traversed*/
13 v.balance_factor := v.left_height - v.right_height;

e 0/0
0/0
v:0/0

e w:0/0

@ postWORK I: DFS BIERBEE « % node w EIHiZ node v FFHIEITE
@ v.h=MAX(v.h, w.h+1)=(0,0+1)=(0,1)=1
@ v.bf = v.left_height - v.right_height=1-0=1
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Problem?2

6 postWork [

7 v.height := MAX(v.height, w.height+1);

8 if w = v.leftchild then

9 v.left_height := w.height + 1;

10 else if w:= v.rightchild then

11 v.right_height := w.height + 1;

12 postWork /I:/*After left and right child are traversed*/
13 v.balance_factor := v.left_height - v.right_height;

e 0/0
0/0
v:1/1

e w:0/0

@ postWORK I: DFS BIERBEE « % node w EIHiZ node v FFHIEITE
@ v.h=MAX(v.h, w.h+1)=(0,0+1)=(0,1)=1
@ v.bf = v.left_height - v.right_height=1-0=1

A 55— 5/



Problem?2

6 postWork [

7 v.height := MAX(v.height, w.height+1);

8 if w = v.leftchild then

9 v.left_height := w.height + 1;

10 else if w:= v.rightchild then

11 v.right_height := w.height + 1;

12 postWork /I:/*After left and right child are traversed*/
13 v.balance_factor := v.left_height - v.right_height;

v:3/—3

w:2/—2
¢ 1/1
0/0

@ v.h=MAX(v.h, w.h+1)=(0,2+1)=(0,3)=3
@ v.bf = v.left_height - v.right_height =0-3 =-3

Homework 7 Algorithms 2019 16 /42



Problem?2

1 preWork:
2 v.height := 0;
3 v.balance_ factor := 0;
4 v.left_height := 0;
5 v.right_height := 0;
e3/—3
0/0 w:2/—2
0/0 1/1
¢ 0/0

o preWORK: —1@& node v # traverse £\ Z1RECAIAIAT B EN1E

A 51— T/



Problem?2

6 postWork [
7 v.height := MAX(v.height, w.height+1);
8 if w = v.leftchild then
9 v.left_height := w.height + 1;
10 else if w:= v.rightchild then
11 v.right_height := w.height + 1;
12 postWork /I:/*After left and right child are traversed*/
13 v.balance_factor := v.left_height - v.right_height;
v:3/—3
w:2/—2
1/1
0/0

@ v.h=MAX(v.h, w.h+1)=(3,1+1)=(3,2)=3
@ v.bf = v.left_height - v.right_height =2-3 =-1
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Problem?2

6 postWork [
7 v.height := MAX(v.height, w.height+1);
8 if w = v.leftchild then
9 v.left_height := w.height + 1;
10 else if w:= v.rightchild then
11 v.right_height := w.height + 1;
12 postWork /I:/*After left and right child are traversed*/
13 v.balance_factor := v.left_height - v.right_height;
v:3/—1
w:2/—2
1/1
0/0

@ v.h=MAX(v.h, w.h+1)=(3,1+1)=(3,2)=3
@ v.bf = v.left_height - v.right_height =2-3 =-1

Homework 7 Algorithms 2019 19/42



Question3

#2E—1& connected #E[OE G = (V, E) -

—1& G B9 spanning tree T = (V', E') -

AR G ER—Rhv

BHE—EREHE T 255/ G Ll v BIEERERY spanning tree °
EBHEZRZ O(|V|+|E|)

A 55150/



Question3

W& T &% G B subgraph (optional)

5% vertex Bl EEAIRIEER ( #ALLEEL ) oJ U O(1) teE

Vv

&8 T MY adjacency list B2 G B9 adjacency matrix - OJATE
O(E|) & F C E

HE®BBZE Y T 2 G B spanning tree - O] AE I pre-condition

A 55151/



Question3

@& T B2A cycle (optional)
A T 2 spanning tree E B pre-condition + ABE O] DI AFEE

A 55— T/



Question3

T B v BAEIE - EONEEEET 7
2 (w,w) € E - BEEMYEZEE D —EFH

AR MIEASILIRAEY) DFS KHATIER - BINARBESERER
T NFRIHAETS M
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Question3

HT ﬁﬁl DFS

IIRIE D AB R B

BT tE’J%ﬁ wy M= - &= DFS 5ty - 1BAIBTE G LAYAEE
2w, RBEWZET ?

MEREV 2 wy TTHEZE - BBEE wy, MAAEHE wy, B DFS B2
HAELC

MREZVZE wo EHEE - BE wy EZE wy Y descent - ¥ T
DFS I AOIBEEEEE wy

BN AMECIAE

wo RBR T LB
(wi, wy) %% cross edge

R S o A 5515/



Question3

function ISDFSFrROM(G = (V,E), T=(V,E’), v)
/* (optional) isSubgraph(T, G); */
mark v;
for (v,w) € E' do

if v.parent = w then
continue;

if w.mark /*cycle*/ then
result ;= false;

w.parent (= v,

isDFSfrom(G, T, w)

for (v, w) € E do

if not w.mark /*cross edge*/ then

result := false;

A 55—/



Question3
from networkx import x

def isDFSfrom(G: Graph, T: Graph, v):
#if not isSubgraph(T, G): return False

T.nodes[v][ 'mark'] = True
for w in T.neighbors(v):
if T.nodes[v].get( parent’') — w:

continue
if T.nodes[w].get( 'mark’):
return False #cycle

T.nodes[w][ 'parent’'] = v
if not isDFSfrom(G, T, w):

return False
for w in G.neighbors(v):

if not T.nodes[w].get( 'mark’):
return False

return True
Algorithms 2010
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Question3

LHERE false
HERE true

Homework 7
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Question3

TR ERNESE ZRBRAEMM Z BRZ—ENIER
EIRAREREZ (w.parent = v ) IKAFER parent BIARZAST] L
RIEZIE

BRIIMETIRZ 1@ edge FEWIKFE R

2R FHREERAZSETBCESE

AAEEIE -

PRUAE R ZIRAC edge

MAZEC 1 edge - AT EECHE parent » Al 2] mark FLIE
W B AR algorithm ¥~
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Question3

function ISDFSFrROM(G = (V,E), T=(V,E’), v)
/* (optional) isSubgraph(T, G); */
mark v;
for e=(v,w) € E' do

if e.pass then
continue;

e.pass = true;

if w.mark /*cycle*/ then
result ;= false;

isDFSfrom(G, T, w)

for (v, w) € E do

if not w.mark /*cross edge*/ then

result := false;

A 55—/



Question3

def isDFSfrom(G, T, v):
#if not isSubgraph (T, G): return False
T.nodes[v][ 'mark’] = True
for w in T.neighbors(v):
if isinstance(T, MultiGraph):
es = T.adj[v][w]

e = None
for i in es:
if not es[i].get( pass’):
e = es[i]
break
if e is None: continue

else:
e =T.adj[v][w]
if e.get('pass’): continue
e[ "pass’'] = True
if T.nodes[w].get( 'mark’):
return False #cycle
if not isDFSfrom(G, T, w):
return False
for w in G.neighbors(v):
if not T.nodes[w].get( 'mark’):
return False
return True

p——
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Question4

#EA Eulerian circuit AR Z2 S {E BLE H ERVE LA IEEEUE
% H adjacency list - 16 O(|E|) FFERE

B HE : 15 Eulerian circuit R cycles AT

FEELE—1E cycle - B cycle EE—FAEHEAM cycles
TG E M cycles WEEBIEFEAZE cycle

T —



Question4

function FINDEULERIANCIRCUIT(G = (V, E))
if any degree of vertices is odd or zero then
return;
initialize Path and a list L
pick one vertex v
TraceCycle(v, Path, G, L);
while L is not empty do
pick w from L
if w.degree > 0 then
initialize subPath
TraceCycle(w, subPath, G, L)
insert subPath into Path
else
pop w
return Path;

p——
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Question4

function TRACECYCLE(v, Path, G, L)

nowPosition := v;

repeat
pick an edge (nowPosition, w)
L.append(w);
put (nowPosition, w) in Path
remove (nowPosition, w) from G
nowPosition := w;

until nowPosition == v

r— Ry



Question4

Trace WARETIREIRIEEZ O(|E|)
insert subPath into Path T O(1) 5efk - BIfF ERE LIS

T T —



Question4

BIN—TERRE R R edge (v, w) FAfHIFR edge WEHEZ] w
BHEIFTA edges #HSK

HEET—EDZEIEA edge (v, w) 2 path Al
RRBICRERVENFL v ER w - BEEE w E—EEBE (EQ)
NEETMBN SR (BRI EEEIRAT ) HmARERVER v - B
S EEERRE

NEARBE—E circuit
BAEDI N ERFRAEIRL degree B 0
NEAREREMHEMEEGRIE edge(vertex) A path 2P - FTLIEE

path T2 —1& Eulerian circuit
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Question4

function FINDEULERIANCIRCUIT(G = (V, E))
if any degree of vertices is odd or zero then
return,;
initialize vertex/edge path list
pick some v in G
Euler(G, v)
function EULER(G, v)
for all neighbors w of v do
remove (v, w) from G
Euler(G, w)
append (v, w) into the front of the edge path list

append v into the front of the vertex path list

Ry



Question4

from networkx import x
from networkx.utils import arbitrary_element

def EulerCircuit(G: MultiGraph):
if
return None
vertex_path , edge_path = [], []

v = arbitrary_element (G. nodes)
Euler(G.copy(), v, vertex_path, edge_path)
return vertex_path[:: —1], edge_path[:: —1] #reverse

def Euler(G: MultiGraph, v, vertex_path, edge_path):
while len(G.adj[v]) > O:
w = arbitrary_element(G.adj[v]) #pick one neighbor
G.remove_edge(v, w)
Euler (G, w, vertex_path, edge_path)
edge_path.append((v, w))
vertex_path.append(v)

T T —



Problemb

A binary de Bruijn sequence is a (cyclic) sequence of 2" bits

aias - - - aon such that each binary string s of size n is represented
somewhere in the sequence; that is, there exists a unique index i such
that s = a;a;1 - - ai-n—1 (Where the indices are taken modulo 2n).
For example, the sequence 11010001 is a binary de Bruijn sequence
for n=3. Let G, = (V, E) be a directed graph defined as follows.
The vertex set V corresponds to the set of all binary strings of size
n—1 (|V] = 2n—1). A vertex corresponding to the string ajas - - a, 1
has an edge leading to a vertex corresponding to the string

b1b2 s bn—l if and onIy if dody - dp—1 = b1b2 s bn_2.

Prove that G, is a directed Eulerian graph, and discuss the
implications for de Bruijn sequences.

Ry



Problem5(cont’d)

RE A 2" bits BY binary de Bruijn sequence F - FTBERES n Y
EFEHIIGEZ nbits FIBUEERIAES - (AAZENRES - RE
& n REERSHEAE 2" (@)

Example(n = 3): the sequence 11010001 contains

{110, 101, 010, 100, 000, 001, 011, 111}

R S o Ry



Problem5(cont’d)
De Bruijn graph G, = (V, E) m—HE@OE -
V = {all binary strings of size n— 1} E E’J'_‘_' =W

Gt v EE—(E blnary string ajas - - 8l bﬁﬂ CHmERE
%JJ_ U(%{”ﬁg b1b2 ,,71) iff dgadsg - dp—1 = b1b2 +Dbp—9o ° (V E/]'fé

— 2 {& bits 0 v KBTI n — 2 1IE bits 785 - Al vﬁﬂ LLH u)
Edge Labeling: B1%i2 /) label BIEE@AENEE—E bit -

dias - —

/\

a---ap—10 -erap1

Figure: Edge construction of de Bruijn graph.(there may be self loops)
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Problem5(cont’d)

0

OO—>01

s
2

1

Figure: A de Bruijn graph for n=3

Homework 7
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Problem5(cont’d)

A directed Eulerian graph is a directed graph with an Eulerian cycle.
To prove that G, is a directed Eulerian graph, let's see the property
of a directed graph.

A directed graph has an Eulerian cycle if and only if every vertex has
equal in degree and out degree.

@ in degree : BINEEIRR - EHZIEFBIAT n— 2 (& bits &
a1ay - ap, IR EMIEB@ERE 0ajay---a,_o A
lajas -+ - an_o SEAVIERL - SETERLRY in degree 197 2 -

@ out degree : BINEE]ER, - BZIBERAVE n— 2 & bits /3
aas - an1, AIBRHEMIEEDEIER aas---a,_10
avas---a,_1 1 BENIER - SETERHY out degree 95 2 -

Hence, every vertex has equal in degree and out degree, G, has an
Eulerian cycle, that is, G, is a directed Eulerian graph.

£ de Bruijn graph NEE—ETERAELUBE (ERTELH
%) - B3 —{EoI8ERY de Bruijn sequence °

A 55—/
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