Homework 8



Probleml

In the topological sorting algorithm that we discussed in class for
directed acyclic graphs, DFS is used to calculate the indegree of each
vertex in the input graph. Please give a detailed description of this
calculation in adequate pseudocode. You need to define a main
routine which invokes the DFS procedure with suitable pre WORK
and postWORK.

T —



Problem1(cont’d)

function MAIN

for all vertex v do > since G is a directed graph
if vis unmarked then
DFS(G, v)
function DFs(G, v)
mark v
v.indegree := 0 > preWORK

for all edge (v, w) do
if wis unmarked then
DFS(G, w)

w.indegree++ > postWORK
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Problem?2

Given a directed acyclic graph G = (V, E), find a simple (directed)
path in G that has the maximum number of edges among all simple
paths in G.

The algorithm should run in linear time.
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Problem?2

1 Algorithm FindLongestPath(G)

2 Input: G=(V, E)

8 Output: A stack which records the longest path.

4

5 begin

6 Initialize v.length = 0 & v.Indegree for every vertex v;
7 Max_length=-1

8 for all vertices v in V do

9 if v.Indegree = 0 then

10 put v in Queue;

11 repeat

12 remove vertex v from Queue;

13 for all edge(v,w) do

14 //replace logner path

15 w.Indegree= w.Indegree - 1
16 if v.length + 1 > w.length then
17 w.length := v.length + 1;
18 w.pre 1= v;

19 if w.Indegree=0 then

20 put w in Queue;

21 until Queue is empty

22 let v of v.length be the largest length in graph G

23 while v.pre is not NULL

24 push v in stack

25 Vv = v.pre;

26 push v in stack

27 end y
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Problem?2

5 begin

6 Initialize v.length = 0 & v.Indegree for every vertex v;
7 Max_length=-1

8 for all vertices v in V do

9 if v.Indegree = 0 then

10 put v in Queue;

11 repeat

12 remove vertex v from Queue;

13 for all edge(v,w) do

14 //replace logner path

15 w.Indegree= w.Indegree - 1
16 if v.length + 1 > w.length then
17 w.length := v.length + 1;
18 w.pre 1= v;

19 if w.Indegree=0 then

20 put w in Queue;

21 until Queue is empty

22 let v of v.length be the largest length in graph G

23 while v.pre is not NULL

24 push v in stack

25 vV = v.pre;

26 push v in stack

27 end J

o 3B node Y length FIMRI1ES 0, W ECEXE{E node Indegree value
e H

BIBY Max_length value 38 7% -1
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Problem?2

5 begin
6 Initialize v.length = 0 & v.Indegree for every vertex v;
7 Max_length=-1
8 for all vertices v in V do
9 if v.Indegree = 0 then
10 put v in Queue;
11 repeat
12 remove vertex v from Queue;
13 for all edge(v,w) do
14 //replace logner path
15 w.Indegree= w.Indegree - 1
16 if v.length + 1 > w.length then
17 w.length := v.length + 1;
18 w.pre 1= v;
19 if w.Indegree=0 then
20 put w in Queue;
21 until Queue is empty
27 end
w(0) x(0) (0) (0) (0)
v(0 (0

Algorithms 2010 7/38



Problem?2

5

begin
8 for all vertices v in V do
9 if v.Indegree = 0 then /*node v indegree 73 0%/
10 put v in Queue; /* & node v ILA Queue & */
11 repeat
12 remove vertex v from Queue;
13 for all edge(v,w) do
14 //replace logner path
15 w.Indegree= w.Indegree - 1
16 if v.length + 1 > w.length then
17 w.length := v.length + 1;
18 w.pre :=v;
19 if w.Indegree=0 then
20 put w in Queue;
21 until Queue is empty
27 end
v
w(0) x(0) (0) (0) (0)
v(0 (0
0)
v
EEE—



Problem?2

5 begin
8 for all vertices v in V do
9 if v.Indegree = 0 then
10 put v in Queue;
11 repeat
12 remove vertex v from Queue; /* & node v 1 Queue P */
13 for all edge(v,w) do /*edge(v,w) * edge(v,w'), 5EERIE edge(v,w)*/
14 //replace logner path
15 w.Indegree= w.Indegree - 1 /*w.Indegree=1-1=0%/
16 if v.length + 1 > w.length then /*v.length + 1 > w.length is 0+1>1%/
17 w.length := v.length + 1;
18 w.pre :=v;
19 if w.Indegree=0 then
20 put w in Queue;
21 until Queue is empty
27 end
o
w(0) x(0) (0) (0) (0)
v(0 (0
0) ‘ 0
E———



Problem?2

5 begin
8 for all vertices v in V do
9 if v.Indegree = 0 then
10 put v in Queue;
11 repeat
12 remove vertex v from Queue;
13 for all edge(v,w) do
14 //replace logner path
15 w.Indegree= w.Indegree - 1
16 if v.length + 1 > w.length then
17 w.length := v.length + 1;/* w.length = v.length + 1=0+1=1*/
18 w.pre :=v; /* w Bl—{& node &7 v*/
19 if w.Indegree=0 then /* w 9 Indegree 7% 0%/
20 put w in Queue;
21 until Queue is empty
27 end
o
w(1) x(0) (0) (0) (0)
v(0 (0
0) ‘ 0
——



Problem?2

5 begin
8 for all vertices v in V do
9 if v.Indegree = 0 then
10 put v in Queue;
11 repeat
12 remove vertex v from Queue;
13 for all edge(v,w) do
14 //replace logner path
15 w.Indegree= w.Indegree - 1
16 if v.length + 1 > w.length then
17 w.length := v.length + 1;
18 w.pre :=v;
19 if w.Indegree=0 then
20 put w in Queue; /* i w LA Queue*/
21 until Queue is empty
27 end
v

lw
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Problem?2

5

begin
8 for all vertices v in V do
9 if v.Indegree = 0 then
10 put v in Queue;
11 repeat
12 remove vertex v from Queue;
13 for all edge(v,w) do /* BHREE edge(v,w')*/
14 //replace logner path
15 w.Indegree= w.Indegree - 1 /*w'Indegree=1-1=0%/
16 if v.length + 1 > w.length then /*v.length + 1 > w'length is 0+1>1%/
17 w.length := v.length + 1;
18 w.pre :=v;
19 if w.Indegree=0 then
20 put w in Queue;
21 until Queue is empty
27 end
v
w(0) x(0) (0) (0) (0)
v(0 (0
0)
|w
——



Problem?2

5 begin
8 for all vertices v in V do
9 if v.Indegree = 0 then
10 put v in Queue;
11 repeat
12 remove vertex v from Queue;
13 for all edge(v,w) do
14 //replace logner path
15 w.Indegree= w.Indegree - 1
16 if v.length + 1 > w.length then
17 w.length := v.length + 1;/* w'length = v.length + 1=0+1=1*/
18 w.pre :=v; /* w' BI—{E node F&% v*/
19 if w.Indegree=0 then /* w' & Indegree 73 0%/
20 put w in Queue;
21 until Queue is empty
27 end
v

lw
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Problem?2

5 begin
8 for all vertices v in V do
9 if v.Indegree = 0 then
10 put v in Queue;
11 repeat
12 remove vertex v from Queue;
13 for all edge(v,w) do
14 //replace logner path
15 w.Indegree= w.Indegree - 1
16 if v.length + 1 > w.length then
17 w.length := v.length + 1;
18 w.pre 1= v;
19 if w.Indegree=0 then
20 put w in Queue; /* 1§ w' A Queue*/
21 until Queue is empty
27 end
v

w(l) x(0) (0) (0) (0)

(0) ;
W, W
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Problem?2

5 begin
8 for all vertices v in V do
9 if v.Indegree = 0 then
10 put v in Queue;
11 repeat
12 remove vertex v from Queue; /* 1% w B Queue*/
13 for all edge(v,w) do /* EHE edge(w,x)*/
14 //replace logner path
15 w.Indegree= w.Indegree - 1 /*x f indegree £5f 0%/
16 if v.length + 1 > w.length then
17 w.length := v.length + 1; /*x K] length & w.length+1=2 */
18 w.pre := v; /*x BUAT—1& node &AL w*/
19 if w.Indegree=0 then
20 put w in Queue;
21 until Queue is empty
27 end
v
w(1) x(2) (0) (0) (0)
v(0 (0

| w
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Problem?2

5 begin
8 for all vertices v in V do
9 if v.Indegree = 0 then
10 put v in Queue;
11 repeat
12 remove vertex v from Queue;
13 for all edge(v,w) do
14 //replace logner path
15 w.Indegree= w.Indegree - 1
16 if v.length + 1 > w.length then
17 w.length := v.length + 1;
18 w.pre 1= v;
19 if w.Indegree=0 then /*x i indegree % 0*/
20 put w in Queue; /* 1§ x LA Queue*/
21 until Queue is empty
27 end
v

w(l) x(2) (0) (0) (0)

w', X

A 5515 T67%




Problem?2

5 begin
8 for all vertices v in V do
9 if v.Indegree = 0 then
10 put v in Queue;
11 repeat
12 remove vertex v from Queue; /* & w' B Queue*/
13 for all edge(v,w) do /* EEHE edge(w'y)*/
14 //replace logner path
15 w.Indegree= w.Indegree - 1 /*y £ indegree £5 1%/
16 if v.length + 1 > w.length then
17 w.length := v.length + 1; /*y K] length % w'length+1=2 */
18 w.pre :=v; /*y BIBT—{E node FRAL w'*/
19 if w.Indegree=0 then
20 put w in Queue;
21 until Queue is empty
27 end
v
w(1) x(2) (0) (0) (0)
v(0 (2

| X
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Problem?2

5 begin
8 for all vertices v in V do
9 if v.Indegree = 0 then
10 put v in Queue;
11 repeat
12 remove vertex v from Queue; /* 1% x B Queue*/
13 for all edge(v,w) do /* EHE edge(x,y)*/
14 //replace logner path
15 w.Indegree= w.Indegree - 1 /*y £ indegree £5 0%/
16 if v.length + 1 > w.length then
17 w.length := v.length + 1; /*y ] length % x.length+1=3 */
18 w.pre := v; /*y BUAT—1E node A&k x*/
19 if w.Indegree=0 then /*y indegree 7% 0%/
20 put w in Queue; /*y push A stack*/
21 until Queue is empty
27 end
o
w(1) x(2) (0) (0) (0)
v(0 (3
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Problem?2

5 begin

8 for all vertices v in V do

9 if v.Indegree = 0 then

10 put v in Queue;

11 repeat

12 remove vertex v from Queue;

13 for all edge(v,w) do

14 //replace logner path

15 w.Indegree= w.Indegree - 1
16 if v.length + 1 > w.length then
17 w.length := v.length + 1;
18 w.pre 1= v;

19 if w.Indegree=0 then

20 put w in Queue;

21 until Queue is empty

27 end

A 5515375



Problem?2

5 begin
8 for all vertices v in V do
9 if v.Indegree = 0 then
10 put v in Queue;
11 repeat
12 remove vertex v from Queue;
13 for all edge(v,w) do
14 //replace logner path
15 w.Indegree= w.Indegree - 1
16 if v.length + 1 > w.length then
17 w.length := v.length + 1;
18 w.pre :=v;
19 if w.Indegree=0 then
20 put w in Queue;
21 until Queue is empty
22 let v of v.length be the largest length in graph G
23 while v.pre is not NULL
24 push v in stack
25 vV = v.pre;
26 push v in stack
27 end
v
@ v A GPHEEH length value
@ RE v iy pre B node i v push A stack
@ v BEFI—E node
@ RZE v iy pre 'BA node FhbkHE while loop
@ W% v push A stack
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Problem2: ;% 2(DFS)

1 Algorithm FindLongestPath(G)
2 Input: G=(V, E)
3 Output: A stack which records the longest path.
4
5 preWORK: v.length=0
6 postWORK:
7 if w.length + 1 > v.length /*traverse from right node to left node*/
8 v.length = w.length +1
9 V.pos = w;
10
11 let v of v.length be the largest length in graph G
12 while v.pos is not NULL
13 push v in stack
14 V = V.pos;
15 push v in stack
v
w(0) x(0) (0) (0) (0)
v(0 (1

A 515175



Problem2: ;% 2(DFS)

1 Algorithm FindLongestPath(G)
2 Input: G=(V, E)
3 Output: A stack which records the longest path.
4
5 preWORK: v.length=0
6 postWORK:
7 if w.length + 1 > v.length /*traverse from right node to left node*/
8 v.length = w.length +1
9 V.pos = w;
10
11 let v of v.length be the largest length in graph G
12 while v.pos is not NULL
13 push v in stack
14 V = V.pos;
15 push v in stack
v
w(0) x(0) (2) (1) (0)
v(0 (3
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Problem2: ;% 2(DFS)

1 Algorithm FindLongestPath(G)
2 Input: G=(V, E)
3 Output: A stack which records the longest path.
4
5 preWORK: v.length=0
6 postWORK:
7 if w.length + 1 > v.length /*traverse from right node to left node*/
8 v.length = w.length +1
9 V.pos = w;
10
11 let v of v.length be the largest length in graph G
12 while v.pos is not NULL
13 push v in stack
14 V = V.pos;
15 push v in stack
v
w(0) x(0) (2) (1) (0)
v(b (3
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Problem2: ;% 2(DFS)

5 preWORK: v.length=0
6 postWORK:
7 if w.length + 1 > v.length /*traverse from right node to left node*/
8 v.length = w.length +1
9 V.pos = w;
10
11 let v of v.length be the largest length in graph G
12 while v.pos is not NULL
13 push v in stack
14 V = V.pos;
15 push v in stack
v
w(5) x(4) (2) (1) (0)
v(6 (3
(0)

@ v A G PHREH length value

@ RZE v i pos A node FLiF v push A stack

@ v BEIT—E node

@ RZE v 1Y pos ’BA node FLBEE while loop

@ i v push A stack

@ BEL: FEEAIMNY queue
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Problem3

Consider Dijkstra's algorithm for single-source shortest paths. The
values of SP for all vertices may be stored in either an array or a
heap. How do these two implementations compare in terms of time
complexity? Please explain.
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Problem3(cont’d)

©Q Using array:
For each vertex v, we need to find unvisited adjacent vertex w
and the weight of edge (v, w) is minimal. This takes O(|V|?)
time.
In addition, we need to update the value of SP after picking the
cloest vertex, this takes O(|E|) time.
The total run time using array is O(|E| + |V|?) = O(|V}?).
(because |E| is O(|V]?) in a simple graph)
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Problem3(cont’d)

@ Using heap(Assume it is a binary min-heap):
Building the heap takes O(|V]) time. For each vertex v, in order
to find the closest unvisited adjacent vertex, the only thing
needs to do is deleting the heap root and rebuild(heapify) it
because the heap root stands for the minimal SP from the
source. This takes O(|V]log|V]) time.
In addtion, we need to update the value of SP after picking the
cloest vertex, which takes O(|E|) time. Beacuse this happens in
a heap, it takes O(|E|log|V]) time totally.
The total run time using binary heap is O((|E| + |V]) log |V]).

With the help of Fibonacci heap, it improves this to
O(|E| + |V|1og |V]) (see wikipedia).
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Problem4

Prove that if the costs of all edges in a given connected graph are
distinct, then the graph has exactly one unique minimum-cost
spanning tree.
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Problem4

o MK
o HEEHEAMMIMEER minimum-cost spanning trees
MST,(G) B MST,(G)
o MST,(G) B3 MST,(G) B9 edges 1% cost X/\BEF
» MSTi(G): el, e2,--- , MST(G): el , €2
o 1B e be the minimum cost edge in MST; but not MST,(G).
o {iR5& e be the minimum cost edge in MST,(G) but not MST; .
o BE% e < e/, then MST,(G)U {e} BE4 cycle
o Let e/ (that is in MSTy(G)) be the maximum cost edge of the
cycle
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Problem4

o HREE edge BY cost EBZMHEME e’ & maximum cost
edge

o e AREHEM minimum-cost spanning trees - 1B e’ HIRTE
MST,(G) &

MST,(G) A& minimum-cost spanning tree

EENRE BFEAMMEEZMN minimum-cost spanning
trees MST,(G) ¥ MST,(G)

AT BEAMIAR minimum-cost spanning trees
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Problemb

#2E B G LUK minimum-cost spanning tree T
2 G BEE edge B cost EEE1L
a3 EHTEY minimum-cost spanning tree ?

RIS Y DA 48 5 S I

T T ——



Problemb

4% )\

= =

BERBEEM . T P Ziws | AHRE

AETF | AFBE | 288
HPEFZE Lemma :
& spanning tree IR BIERNMBIET —IE - BIEAZA—1E cycle
M¥} minimum-cost spanning tree M= * M_ES 9 —1E edge 2Rk
cycle I - %51 edge —TE & cycle % cost AN (BFE @ BIE
BR 5 9N —1E edge 4 BESZEIEIER minimum-cost spanning tree )

T T —



Problemb

% tree THY edge cost &
BRERBMER T EE edge - TLEBE D AR
WA EEEMEEN edges - BHED cost &/\HY
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Problemb

Is this a minimum-cost spanning tree?

BT —EAENR P edge

HEBHEM edge LAY cycle REIZHTHY edge

BBEE O] L FBIEZAAY minimum-cost spanning tree EA Lemma 540
i 1E edge AL ;

% cycle 2% edge

RFRIE(E edge W2 EEM IR/ VB edge

MiEE edge ZFALEVIEHET MR B AL

PRLGR AR EEHEE AR REN 7

T T



Problemb

% tree MK edge cost [FRIE
R TP IEE edge MBI T - AEBELE cycle
HH cycle 2% cost AR

Algorithms 2019
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Problemb

Is this a minimum-cost spanning tree?
BEE—EAEFB P edge

B[R tree B ZFEAEY cycle

S 1E edge Y cost MRE RIRWHUTHY edge
M edge "5 cost W/NR#ENURY edge
PRDATE R P 518 edge ZANEY cycle P

tHIREEIE edge cost =S

PRLOR AR EEHES AR REN 7
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Problemb

function FINDNEWMINCOSTSPANNINGTREE(G, T, e = (v, w))
if e.cost increase and e in T then
remove e from T
do DFS on T from v and mark 1
do DFS on T from w and mark 2
for all (x, y) and x.mark # y.mark do
if (x, y) is smaller then
newEdge := (x, y);
add newEdge into T
else if e.cost decrease and e not in T then
addeinto T
find cycle and store the cycle in C
for all (x, y) in C do
if (x, y) is larger then
removeEdge := (x, y);

remove removeEdge from T
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Problemb

BEE DT
& 15t rY DFS #BHIEE O(|V|+|E|)
WREFTA edge I6E O(|E|)

?33 cycle 16& O(|V|+|E|)
wWRE cycle LM edge RITEE O(|V|) ( A2 O(JE|) )
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